CHAPTER 4 MOTION IN A PLANE

Notes

* Motion in aplaneis called as motion in two dimensions e.g., projectile motion, circular
motion etc. For the analysis of such motion our reference will be made of an origin and two
co-ordinate axes X and Y.

* Scalar and Vector Quantities

Scalar Quantities. The physical quantities which are completely specified by their magnitude
or size done are called scalar quantities.

Examples. Length, mass, density, speed, work, etc.

Vector Quantities. Vector quantities are those physical quantities which are characterised by
both magnitude and direction.

Examples. Velocity, displacement, accel eration, force, momentum, torque etc.

* Characteristics of Vectors

Following are the characteristics of vectors:

(1) These possess both magnitude and direction.

(ii) These do not obey the ordinary laws of Algebra.

(i) These change if either magnitude or direction or both change.

(iv) These are represented by bold-faced |etters or letters having arrow over them.

 Unit Vector

A unit vector isavector of unit magnitude and pointsin a particular direction. It isused to
specify the direction only. Unit vector is represented by putting a cap (*) over the quantity.

The unit vector in the direction of A is denoted by A and defined by
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* Equal Vectors

vﬂmﬁﬁﬂfﬂﬁamuidmbequmﬂﬂ:

E‘ as well as their directions are same.

e Zero Vector

A vector with zero magnitude and an arbitrary direction is called a zero vector, It is represented
by § and also known as null vector, ;

* Negative of a Vector

The vector whose magnitude is same as that of but the direction is opposite to that of 7 is
called the negative of & and is written as -a.
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¢ Parallel Vectors



4 and F are said mheparaﬂeivectamifﬂ*eyh&vgmdimﬁinuandmaynrma}rnmhawequal
magnitude (4]|B). If the directions are opposite, then 4 is anti-parallel o B.

* Coplanar Vectors

Vectors are said to be coplanar if they lie in the same plane or they are paralléel to the same
plane, otherwise they are said to be non-coplanar vectors.

* Displacement Vector

The displacement vector is a vector which gives the position of a point with referenceto a
point other than the origin of the co-ordinate system.
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Displacement vector ry; = ry —ry.

* Parallelogram Law of Vector Addition

If two vectors, acting ssmultaneously at a point, can be represented both in magnitude and
direction by the two adjacent sides of a parallelogram drawn from a point, then the resultant

is represented compl etely both in magnitude and direction by the diagona of the
parallelogram passing through that point.

1f A and B be two adjacent sides of a parallelogram, inclined at angle 8, then the magnitude of
resultant vector is given as

Direction of resultant R. Let o be the angle made
by resultant R with vector A, Then

* Triangle Law of Vector Addition

If two vectors are represented both in magnitude and direction by the two sides of atriangle
taken in the same order, then the resultant of these vectorsis represented both in magnitude
and direction by the third side of the triangle taken in the opposite order.

If two vectors A and B are to be added according to the triangle law of vector addition, then
Assume
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The sum o the resultant of A and  is epresented by the vecor i) oining tai of OP to'the
head of PQ).
Hence, 0F+P0 = 0Q
53 = A+# (Resulant vecor
* Polygon Law of Vector Addition
If anumber of vectors are represented both in magnitude and direction by the sides of a

polygon taken in the same order, then the resultant vector is represented both in magnitude
and direction by the closing side of the polygon taken in the opposite order.



* Properties of Vector Addition
Vector addition has following properties:

() It obeys commutative law
If a and b are any two vectors,
then a+b = b+a
(i) It obeys associative law
If 2.5 and ¢ are any three vectors then

is(b+d) = (i4B)+E



(i) Tt obeys distributive property
If 2 and § are two vectors and ) is 2
real number then, 1(3*5) = ha+hb

o Equi‘hbrianl vector is a vector which balances two or more than two vectors acting simultaneously
ata point. Itis equal in magnitude and opposite in direction to the resultant vector of given vectors.

o If vector 4 is multiplied by a real number A then it gives avector § whose magnitude is ) times
the magnitude of the vector 4 and whose direction is the same or opposite depending upon
whether A is positive or negative,
® Subtraction of vector can be defined in terms of addition of two vectors,

If P and  two vectors are to be subtracted then we take them as follows:

33 = B+(-0)

¢ Vector sublraction is non-commutative and non-associative.

= A-B + B-4

= A0« 3-B)-C

* Resolution of Vectors

It isaprocess of splitting a single vector into two or more vectorsin different directions
which together produce the same effect asis produced by the single vector alone.

The vectors into which the given single vector is splitted are called component of vectors. In
fact, the resolution of avector is just opposite to composition of vectors.



() If a vector £ makes an angle 0 with x-axis then magnitude of its rectangular
components in x-y plane are given by A = A cos 8 and A = A sin 6, where,

A= JA +AL

(i) 1f a vector 7 lie in free space and subtends an angle o with x-axis, angle B with y-axis
and angle y with z-axis then the magnitudes of its rectangular components along the
threeaxesaregivenasAﬁAcosu,Av=AmsBandAz-A 00S Y.

where A = 1{Af +B2 +

(ifi) A vector 4 may be expressed in terms of its rectangular components as;
A = A,f+Ay}+A,i
where, { ,}' and § are the unit vectors along x, y and z axis respectively.

If the components of a given vector are perpendicular to each other, then they are called

rectangular components.
e Position Vector

Pnthn:m vector is a vector to represent any position of a body. The 1"'T
straight line joining the origin and the point represents the position P
vector. It is represented by both magnitude and direction. o

Itis represented by 7 = OF = 1f + i where | and | are the unit
vectors along x and y axis respectively.

pr?siﬁ?n?ffhm‘ v ismﬂwmdimiuns,mmitisghrmby r

= 0+ i+ 2k where, r,; and | are the unit vectors along 7, v and

Z co-ardinates respectively,
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* Multiplication of Vectors
(i) Scalar product (Dot product). Scalar product of two vectorsis defined as the product of the

magnitude of two vectors with cosine of smaller angle between them.



It is always a scalar, so it is called as scalar product.

E
AB = ﬁHE]cﬂsEl b
Geometrcally, 45 = (Mod of &) (Projection of b on 7)
{#) Vector product (Cross product). The cross or vector product of O/%
hﬁ'ﬂ‘r'EEtl}TEEm.fEiEdEﬂMdﬁ, ] 2

Axd =

A3
B — angle between 4 and F taken in anti-clockwise direction,
n — unit vector in the direction perpendicula to the plane containing 4 and .

Geometrically, ax j 152 vector whose modulus is the ares of the parallelogram formed by the tw
Vectors as the adjacent sides and direction is perpendicular to both § and .

sinf i, where

* Properties of Scalar Product

(i) It obeys commutative law
AF = B4
(if) Tt obeys distributive law
H-{ﬁﬂf‘] = AB+A.C
(it} Scalar (Dot) product of two mutually perpendicular vectors is zero ¢,
fﬁ-ﬁ] = ABcos WP =)
1) Scalar (Dot} product will be maximum when 8 = (° i.e., vectors are parallel to each other,
A)_ -

(1) IlEandEaIeunitvEEhmﬁmFJE'E

=land 2.5 =1-1cos8=cos@



(vi) Dot product of unit vectors !.}k
= jif = kb =1

i
;}=;E=£'E

(vii) Square of a vector a-a = |a] |a] cos 0 = &2

(wiii) If the two vectors A and B, in terms of their rectangular components, are
A=Ai+AjtAk and B= B,i+B,j+B.k, then,

—

AB=(A+A, [+A, k)(, i +B, ] +B. i)

AB=AB+AB+AB

* Properties of Cross Product
() Cross product of twe vectors is not commutative

axh # bxa
awh =-hxa
(i Cross product is not associative
Ex[ﬁﬁ} = [515]::?
jiif} Cress product obeys distributive law
au(b+e) = axb+anc
tir) 1f @ = 0 or n it means the two veclors are collinear.
axh =10
and conversely, if #x b = O then the vector @ and b are parallel provided a and b are
MON-ZET0 VECtoTs.

() Ifa= W,a_ndnmﬂieurdnedmperpmdwlarmbmhuuulb

awh = |a] |b] =sin 20 o= laf ikl i
(o) The vector preduct of any vector with itself is @

axa =0
(i) W @xb = 0, then

| i=0 or B=0 ot al}

{;-r'n'pHﬁmﬁammtvecmthenixi=1~lsinﬂr‘r-s'mﬂr"t
(ix) Cross product of unit vectors i, | and &

ixi -F:} =£:E:—ﬂ

iTIj =k = _jx?
_i| k -=—£"IF
xi = ] = -ixi ,



(x) If the two vectors A and B in terms of their rectangular components are

—

A= ﬂ-l; +b1; +I:'1.rf

B = ayi +byj + ok

AxB = [aﬁ + bw_:f + f1-’:) X (azi + bz}' +.':zfc}
It can be found by the determinant method
PGk
Le., AxB =|# by o
a, b, Cq

=f {b] Cz_bz‘c]]_ } {ﬂ1 ﬂz_azﬁ}*‘ -E (‘I‘lhz*ﬂibl)

e For motion in a plane, velocity is defined as:

. _n-n (-"fzf’fl"zi]‘(xl“y'i)_Ii"xlhyz_yi}‘” 3
v = = i o
by —H (t2 —t;) f2-h M
and v = a§+ﬂ§-

e For motion in a plane, acceleration is defined as

t, -t (t2 - 1) f, — t -4 J
and a = af+a3.

* Lami’s Theorem
Lami’s theorem states, “If a particle under the simultaneous action of three forces is in
equilibrium, then each force has a constant ratio with the sine of the angle between the other
two forces.”
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If three forces P,J and R are acting on a particle O in
directions given by angles o, p and y, then, the particle O is
in equilibrium, when

* Projectile Motion

The projectileis ageneral name given to an object that is given an initial inclined velocity
and which subsequently follows a path determined by the gravitational force acting on it and
by the frictional resistance of the air. The path followed by a projectileis called its trgjectory.
Equation of projectile motion. The general case of projectile motion corresponds to that of an
object that has been given an initial velocity u at some angle 8 above (or below) the
horizontal. The horizontal and vertical displacements x and y are given by

u, = teos B
W, = usin g
Then the equation of tra;a:b:ar;, of a pmpes:hle is given as

TheatI)tEBquﬂhﬁnlsmHEEmun!wﬂﬁx+ﬁfmhm#mﬂhmmmﬂs This is a equation
of a parabela. Thus the trajectory of a projectile is parabolic.

Time of Flight. The time taken by a projectile to return to its initial elevation after projection is
known as its time of flight [T). It is given by

ST
T‘ = e——
et

Horizontal Range. The maximum horizontal distance between the peint of projection and the point
on the honizontal plane where the projectile hits is called horizental range.

||.,. J'J‘:' f‘ll
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The range of the projectile will he maximum if sin 20 is maximum (i, 1),

sin 26 = 1
or =9 = =4
Thus the projectile has maximum range if it is projected at an angle of 45° with the horizontal.
i
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Maximum Herght. [he maximum verhical distance travelled by the projecte during its jeurney is
called the maxinmm height attained by the projectile

[t i 5_;i'.'n.~|| h_v H= —

Projectile Given Horizostal Projection:
() Equation of path y = kv, which is a parabola

o

(i) Time of flight T = ,‘J'%T‘

{2

{itf) Horirontal Range R = u\[?

i ———.

(i) Velocity at any fime tiso = ﬁlq.glfl and angle

made by resultant velocity with horizontal fi = tan™ (g_f‘\
L

i 11T T T

() Velocily of projectile when it hits the ground v = fu%1 Jgh

» Angular Displacement

Angular displacement of the object moving around acircular path is defined as the angle
traced out by the radius vector at the centre of the circular path in a given time.

0 (angle) = arc/radius

6 —> the magnitude of angular displacement. It is expressed in radians (rad).

* Angular Velocity

Angular velocity of an object in circular motion is defined as the time rate of change of its
angular displacement.

It is denoted by w and is measured in radians per second (rad.s™).

— angular displacement 8 40
t

Time dt

* Angular Acceleration
Angular acceleration of an object in circular motion is defined as the time rate of change of
itsangular velocity.

It is denoted by ‘o and measured in rad s2.
angular velocity change  duw
time taken ot
e For uniform angular acceleration ¢, the equations of motion can be modified as,
-:ui|r = o, + ot
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e Uniform Circular Motion

When a body movesin acircular path with a constant speed, then the motion of the body is
known as uniform circular motion.

The time taken by the object to complete one revolution on its circular path is caled time
period. For circular motion, the number of revolutions completed per unit timeis known as
the frequency (v). Unit of frequency is 1 Hertz (1 Hz). It isfound that

1
v.T=1 or v=—
T

® The relation between angular velocity, frequency and time period is given by

_ 6 2n
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* Centripetal Acceleration

To maintain a particle in its uniform circular motion aradially inward acceleration should be
continuously maintained. It is known as the centripetal acceleration.

2 2
v r-4m ;i
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